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We compute the near-field radiative heat transfer between a hot AFM tip and a cold substrate. This con-
tribution to the tip-sample heat transfer in Scanning Thermal Microscopy is often overlooked, despite its
leading role when the tip is out of contact. For dielectrics, we provide power levels exchanged as a func-
tion of the tip-sample distance in vacuum and spatial maps of the heat flux deposited into the sample
which indicate the near-contact spatial resolution. The results are compared to analytical expressions of
the Proximity Flux Approximation. The numerical results are obtained by means of the Boundary Element
Method (BEM) implemented in the SCUFF-EM software, and require first a thorough convergence analy-
sis of the progressive implementation of this method to the thermal emission by a sphere, the radiative
transfer between two spheres, and the radiative exchange between a sphere and a finite substrate.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Radiative heat transfer in the far field[1], ie. for inter-object
distances larger than Wien’s wavelength (~10pum at room tem-
perature), is well established. In contrast, near-field radiative heat
transfer (NFRHT), when the gap size between objects is smaller
than Wien’s wavelength, is a relatively new field. It was realized
few decades ago that near-field radiative effects can have an im-
pact on the local temperature or on the heat flux transfer in scan-
ning probe microscopy (SPM) techniques[2]. It is especially impor-
tant for scanning thermal microscopy (SThM), a technique which
aims at measuring local temperature or thermal properties. To un-
derstand these local measurements, a precise knowledge of all the
heat transfer mechanisms between the SThM tip and the sample
under study is required [3]. The contribution of near-field thermal
radiation has been so far the hardest to estimate accurately due to
a lack of reliable theoretical methods able to deal with complex ge-
ometries. Nevertheless, this contribution is critical when the tip is
not in contact, in particular when the SThM is operated in vacuum.
Tip-sample near-field heat transfer has received increasing atten-
tion during the last decade thanks to technical advances allowing
experiments with improved thermal sensitivity down to the sub-
nW.K-! regime[4-8]. Recently, such experiments have been car-
ried out to measure radiative heat transfer in the last few nanome-
ters before contact[7-9]. Other SPM techniques, such as Thermal

* Corresponding author.
E-mail address: khac-long.nguyen@insa-lyon.fr (K.L. Nguyen).

http://dx.doi.org/10.1016/j.jqsrt.2017.07.021
0022-4073/© 2017 Elsevier Ltd. All rights reserved.

Radiation Scanning Tunneling Microscopy (TR-STM)[10,11], where
the near field is scattered and detected in the far field, therefore
providing sub-wavelength information on the sample [10], are also
impacted by heat transfer between the probe and the sample. Ob-
viously, various SPM techniques could also benefit from improved
theoretical methods to predict NFRHT between complex objects.
NFRHT was quantified by analytical and numerical meth-
ods in various configurations. Since the seminal case of two
half-spaces[12], analytical methods were developed to quantify
the heat transfer between academic configurations involving pla-
nar media and dipoles, spheres, cylinders (see e.g. respectively
[4,13-15]). These approaches are, however, limited to simple ge-
ometries. Numerical methods used in NFRHT are based on those
for electromagnetic wave scattering and propagation. The Finite
Difference Time Domain (FDTD) method [16] was used for comput-
ing the heat exchanged between arbitrary geometries in a statisti-
cal manner. It consists in applying the fluctuation-dissipation the-
orem to the Poynting vector averaged over many simulations by
considering the random values of surface currents. The drawbacks
of this method are the long computational time and the accuracy
of the numerical results due to various numerical errors such as
discretization of objects and numerical dispersion intrinsic to the
space-time scheme. The radiative heat transfer can be also com-
puted by implementing the Thermal Discrete Dipole Approxima-
tion (T-DDA) and the BUIk Field Formulation of ElectroMagnetism
(BUFF-EM) methods. The T-DDA method was proposed initially for
modelling radiative heat transfer between three-dimensional arbi-
trary compact objects[17] and then extended to finite-size object
close to an infinite surface [18]. This method consists in discretizing
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the objects in sub-volumes, each considered as a thermally oscil-
lating dipole. The BUFF-EM is a free, open-source software imple-
mentation of the frequency-domain volume-integral-equation (VIE)
method of classical electromagnetic scattering[19,20]. It consists in
modelling the bodies by volume (tetrahedral) meshes. The last ap-
proach we will discuss is based on the surface-integral-equation
(SIE) formulation of classical electromagnetism that allows direct
application of the boundary element method (BEM)[21]. It at-
tracted a lot of attention because it offers considerable flexibility
to handle arbitrary shapes. Contrary to the T-DDA and BUFF-EM
methods, it requires to discretize the surface and not the volume,
so that less mesh elements could be required. In this work, we use
the implementation of this approach provided in the open-source
SCUFF-EM software package developed at MIT [22]. It was already
used in [7,8] for the analysis of the tip-sample radiative heat trans-
fer, but not in a comprehensive way.

The paper is organized in two main parts devoted (i) to the
SCUFF-EM computations (Sections2 and 3) and (ii) to the AFM
tip-sample radiative heat transfer (Section4). We first perform cal-
culations of thermal radiative emission and radiative transfer in-
volving homogeneous spheres in Section2 to validate the SCUFF-
EM code against asymptotic formulae. Section3 deals with ther-
mal transfer between a sphere and a planar substrate. This config-
uration is of interest in scanning thermal microscopy where the
probe tip can sometimes be approximated by a sphere|[7,11,23].
Furthermore, spheres attached to tips have been used for experi-
mental investigations of near-field thermal radiation [4,5]. This sec-
tion explains which requirements are needed to simulate a planar
surface. Sections 2 and 3 analyse numerical convergence and could
be used as a guide for future computations with SCUFF-EM for
other geometries. The final section introduces the numerical mod-
elling of heat transfer between a conical probe tip and a planar
substrate. The dependence of heat transfer on the gap size be-
tween a compact object (sphere or tip) and a substrate is stud-
ied in Sections3 and4 for highlighting the near-field characteris-
tics. Finally we compare the flux levels computed with recent ex-
periments and investigate the shape of the heat flux distribution
on top of the sample in order to determine the spatial resolution
of radiative heat transfer. This is done for two typical radii of cur-
vature. The numerical results are compared to predictions of the
Proximity Flux Approximation[24] (also called the Derjaguin ap-
proximation).

2. Validation of SCUFF-EM

In this section, the accuracy of the SCUFF-EM code as a function
of object and mesh size will be compared with known analytical
results. SCUFF-EM is a free, open-source software implementation
of the boundary-element method (BEM) for electromagnetic scat-
tering. SCUFF-NEQ is an application code in the SCUFF-EM suite
for studying non-equilibrium (NEQ) electromagnetic-fluctuation-
induced phenomena. It gives the radiative heat transfer or emis-
sion rates for bodies of arbitrary shapes (spheres, cylinders, in-
terlocked rings, conical shapes|[7,21,25], etc.) and arbitrary (lin-
ear, isotropic, piecewise homogeneous) frequency-dependent per-
mittivity and permeability. The numerical calculations were per-
formed on the P2CHPD cluster (high-performance computing fa-
cility at Université Claude-Bernard Lyon 1). Many nodes may be
used for parallel or sequential computing. Each node has 64 GB
RAM and two processors with 16 cores Intel(R) Xeon(R) CPU E5-
2670@2.6 GHz.

We first consider thermal radiative emission and radiative
transfer involving homogeneous spheres, the simplest compact ob-
jects. Thermal emission by a homogeneous sphere is known ana-
lytically, in a framework related to Mie theory[26,27].

2.1. Thermal emission of a sphere

The thermal radiation power emitted by a sphere is given by
Q) = [ 0@ 1) ug(, R (1)

where R is the sphere radius, ©(w,T) = h:fiw

ekBT -1
ergy of the Planck oscillator at temperature T and 7,4 denotes a
temperature-independent dimensionless transmittivity that can be
computed using the Mie coefficients [26,27].
In this work, only isothermal objects are studied. Two materi-
als are considered: SiO, and SiC. The optical properties of SiO, are
taken from Ref.[28]. The dielectric function of SiC is given by
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where &, =6.7, o, =1.825x 10" rad.s™!, wr=1494 x 10"
rad.s~! et I' = 8.966 x 10'! rad.s1.

We first consider a single SiC sphere. Fig. 1a compares the spec-
trum of 7.4 of the SiC sphere of radius 0.1 um, computed for
two different meshes, and the results obtained by the analyti-
cal model (black curve). Blue crosses correspond to the numeri-
cal results obtained for a coarse mesh which consists of 172 nodes
and 507 edges with a mesh element size of 0.035pm. Red cir-
cles are the numerical results for the finer mesh with 494 nodes
and 1473 edges with a mesh element size of 0.017pum. We note
that t,,q shows two maxima close the SiC resonance (&(w) = —2
for @ ~1.5 x 10" rad.s~! and w =~ 1.75 x 10 rad.s~1). For each fre-
quency, the computation takes 12 s for the coarse mesh and 25 min
for the fine mesh. From Fig. 1a, the numerical results are in good
agreement with analytical results. As expected, Fig.1b represents
the relative error of numerical results compared to analytical ones.
The numerical results converge as the mesh gets finer. However,
the relative error stays around 20% close to the resonance and does
not decrease when the mesh size is decreased.

Fig.2a represents 7., of a smaller SiC sphere of radius
0.0125 pm. Similarly to the previous test case, two meshes are con-
sidered: one containing 172 nodes and 507 edges with a mesh el-
ement size of 0.004um, and another one consisting of 492 nodes
and 1467 edges with a mesh element size of 0.002um. The rel-
ative error is shown in Fig.2b. Numerical results for the coarse
mesh (blue crosses) are consistent with analytical results except
in the low-frequency range. These results become worse for the
fine mesh because there is an inherent numerical difficulty for the
computation at low frequencies or for very small objects, typically
for the case where the ratio between the element size and the
wavelength is lower than 2 x 10~4. We will therefore need to pay
attention to this point in what follows.

The refractive index n = Re(n) +ilm(n) sets two characteris-
tic lengths A/Re(n) and A/Im(n) to which the mesh size should
be compared. As a result, we now study the effect of the refrac-
tive index n on the convergence by analyzing the variation of 7 4
of a sphere of 10pum radius for different meshes at a given fre-
quency 1.88 x 10 rad.s~! (the wavelength in vacuum is 10pm).
Two meshes are considered, with mesh element sizes Ax =1 pm
and Ax =2 pm. Fig.3a represents the relative error as a func-
tion of the ratio between Ax and the wavelength in the sphere
A/Re(n), for Im(n) = 0.01 with Re(n) varying from 103 to 103.
Fig.3b shows the relative error as a function of the ratio between
Ax and the penetration depth A/(27Im(n)), for Re(n) =1 with
Im(n) varying from 10~2 to 10%. Red curves correspond to the re-
sults for the coarse mesh and blue curves are results obtained for
the fine mesh. We observe that when the mesh size is reduced
twice, relative errors decrease three times while the computational
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Fig. 1. (a) 7,4 of a SiC sphere of radius 0.1 pm, (b) relative errors. Blue crosses: numerical results for a coarse mesh, red circles: numerical results for a fine mesh, black
curve: analytical results. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. (a) T.,q of a SiC sphere of radius 0.0125pm, (b) relative errors. Blue crosses: numerical results for a coarse mesh, red circles: numerical results for a fine mesh, black
curve: analytical results. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Relative errors of T4 as a functions of (a) Ax/(A/Re(n)), Im(n) = 0.01 with Re(n) from 10~3 to 10° and (b) Ax/(A/27rIm(n)) for A = 10 wm, Re(n) = 1 with Im(n) from
10-2 to 10%. Blue line: numerical results for a coarse mesh, red line: numerical results for a fine mesh. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)

time shows a large increase (1.5h per frequency instead of 3 min).
Therefore, the mesh should be sufficiently fine to obtain a good
convergence but not too fine to avoid a large computational time
or numerical cancellation errors (see Fig.2). Fig.3 shows that for a
given mesh size, the imaginary part of the optical index has a neg-
ligible influence on the convergence. Following Fig.3a, the mesh
size should be twice smaller than A/Re(n) to obtain a precision of
numerical results within 5%. This points to difficulties for metallic

objects as they possess large real parts of the optical indices, in
contrast to dielectric materials.

2.2. Thermal transfer between two spheres
Considering two objects labelled 1 and 2 at two temperatures

T; and T, respectively, the net heat flux transferred between two
objects is defined by the difference between the heat power emit-
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ted by object 1, absorbed by object 2 and vice-versa:

Qtransfer = ‘/OOO (O(w. 1) — O(w, Tz)) Terans (w)dw, (2)

where Tans denotes the temperature-independent transmis-
sion [27]. Analytical methods|[13] and numerical techniques [4,29]
were developed for the computation of heat transfer between two
spheres. If the sphere radius is very small compared to the dis-
tance d between two spheres and to the thermal wavelength, the
transferred power can be approximated by [13,27,30-32]:

2 [o'¢]
Qtransfer = T A O(w.T)) - BO(w, T))

< Y (ReT! + |77 1?) (Re Ty + |71 [?) @)
PP

. 9¢? 9c* N 27¢5 5 do
202d2 " 204d4 T 2a6ds PP

where P and P’ denote the polarizations associated to two spheres
and dpp is the Kronecker symbol of these polarizations. This
asymptotic formula will be considered as a reference to validate
SCUFF-EM.

Two SiC spheres of radius 0.1 um are considered. The distance
between the centers of the two spheres is 10 um. Since this dis-
tance is large compared to the sphere radius, it is possible to use
Eq. (3) to compute reference results. The sphere mesh presented in
Section 2.1 is used.

Fig.4a represents the reference (black curve) and numeri-
cal results. Blue crosses and red circles are the numerical re-
sults obtained respectively for the coarse and fine meshes. We
note that tans shows two maxima close the SiC resonances
(w=15x10"rad.s"! and w=175x 10"rad.s~!). The numerical
results are in good agreement with reference results, but Fig.4b
still indicates that the error can be as high as 80% close to the res-
onances. Far from the resonances, convergence of numerical results
is observed by decreasing the mesh.

3. Numerical modeling of sphere-substrate radiative heat
transfer

The previous section only considered finite-size objects such as
spheres. The objective of this section is to compute the radiative
heat transfer between a sphere and a semi-infinite planar substrate
using SCUFF-EM. This case is close to the tip-substrate configura-
tion and was thoroughly investigated by analytical and numerical
methods[14,18]. As SCUFF-EM is based on the boundary element

method and therefore can only be applied for modelling finite-size
objects, the substrate is approximated by a cylinder of sufficiently
large radius and thickness. In the end, our goal is to investigate the
dependence of the total transferred flux on near-field gaps.

We consider a SiO, sphere of 0.8um radius and a SiO, sub-
strate. The temperatures of the sphere and of the substrate are
400K and 300K respectively. When the distance between the sur-
faces of the two objects is not varying, it is set at 0.1 um. This test
case has already been presented in Ref.[18] by applying the T-DDA
method.

3.1. Cylinder mesh requirements in the near field

Meshes of the two objects are represented in Fig.5a. Since the
near-field heat transfer is mainly in the region where the two ob-
jects are the closest to each other, meshes are refined in these re-
gions in order to obtain accurate results. However, let us remark
that an abrupt change of the mesh element size should not be in-
troduced in order to avoid some numerical problems. Indeed, some
tests (not presented here) showed that the implementation of an
irregular mesh on the cylinder surface (see Fig.5b for instance)
leads to wrong results. A solution is to apply a linearly-varying
mesh following Ax = 0.09 r where Ax is the mesh size and r is
the position of the element from the center of top surface.

We now turn to an analysis of the meshing of the cylinder.
As the method is based on the Boundary Element Method, a pre-
cise meshing of the whole object is in principle required. How-
ever, in the near field, the SCUFF-EM results are well computed
although the mesh of cylinder bottom surface does not satisfy the
far-field convergence criterion shown in Section 2.1. This is because
the near-field radiative heat transfer is a proximity effect. This re-
laxes the harsh criterion, which would be difficult to consider for
large objects. This remark allows us to avoid a heavy mesh and a
large computational time. In this respect, near-field computations
involving large objects will be easier than far-field calculations. In
the following, the bottom surface is computed with few discrete
elements (60 elements, as the maximal mesh size of the bottom
surface is set to be R;/2) and the side meshing is also coarse, as
shown in Fig.5a. We found that both the bottom and the sides do
not impact the exchanged flux.

3.2. Cylinder size and meshing

The geometrical approximation of the substrate by a cylinder
is now under study. For each distance between the sphere and
cylinder, the numerical convergence will be studied for different
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(b)
Fig. 5. (a) An example of non-uniform meshes for the sphere and cylinder and its zoom, (b) an example of irregular refined mesh of the cylinder which may yield numerical
problems.
Table 1
Mesh information and computational time at w = 0.919 x 10™ rad.s~! for each cylinder size of Fig.6.
Rc = Hc (jom) 100 80 60 40 20 10 5 2
Nodes 2819 2700 2542 2303 1957 1615 1265 867
Edges 8448 8091 7617 6900 5862 4836 3786 2592
Computational time 18h54 16h53 15h03 12h00 8h20 5h40 3h19 1h48
sizes of cylinder and the finesse of cylinder mesh in order to Table 2

determine the optimal configuration. The exchanged spectral flux
is then computed and compared to analytical results to validate
SCUFF-EM.

The convergence of numerical results is studied at a given fre-
quency o = 0.919 x 10™rad.s~1, close to the first resonance of the
SiO, dielectric function. First, the influence of the cylinder size on
numerical results is analyzed. In order to decrease the number of
degrees of freedom, we only consider the case where the cylinder
radius is equal to its thickness in the following. This choice may
not be the optimal one but as the lateral sides do not require pre-
cise meshing (as shown in Fig.5), it will only lead to a slight in-
crease of the computation time (if any). The sphere mesh consists
of 777 nodes and 2322 edges with the mesh element size typically
varying from 0.1 pm to 0.125pum. The cylinder radius and thickness
change from 100um to 2 pm. Table 1 indicates the node and edge
numbers associated to the cylinder mesh and the computational
time per frequency for each case. The minimal and maximal mesh
sizes of the top surface are 0.1 pm and R./10 respectively with lin-
ear profile evolution between these extrema. Fig.6a provides nu-
merical results of the transferred spectral flux (blue curve) and
analytical results (black line) as a function of cylinder radius. Nu-
merical results converge to semi-analytical results as the cylinder

Mesh information and computational time at w = 0.919 x 10" rad.s~! for each
cylinder size for Fig.7.

AXpmin (1m) 0.01 0.025 0.05 0.1 0.2 0.4
Nodes 2821 2303 1957 1615 1265 951
Edges 8454 6900 5862 4836 3786 2844
Computational time 18h39 12h06 8h24  5h33 3h25 2h09

size increases. Following Fig.6b, the relative error is proportional
to RZ1. The radius and thickness of the cylinder should be larger
than 10 pum to obtain an accuracy better than 1% for the numerical
results.

The effect of size of the cylinder mesh on the numerical con-
vergence is now considered. As a result of the previous study, the
optimal cylinder size (radius and thickness) is set to 10um. The
minimal mesh size Ax,,;, of cylinder top surface mesh varies from
0.01um to 0.4pm. The node and edge numbers of the cylinder
mesh and the computational time for one frequency are shown
in Table2 for each Ax;,. Fig.7a represents the numerical results
of the spectral transferred flux (blue curve) and analytical results
(black curve). We observe that refining the mesh improves the nu-
merical accuracy. Fig.7b shows that the relative error is propor-
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Fig. 6. Effect of the cylinder size. (a) Spectral exchanged power between a SiO, sphere and a SiO, cylinder at w = 0.919 x 10" rad.s~!, (b) relative errors. The sphere radius
is 0.8 um and the surface-surface distance between two objects is 0.1 um. Black curve: analytical results, blue curve: SCUFF-EM results. (For interpretation of the references

to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. Effect of the mesh on both sphere and substrate surfaces. (a) Spectral exchanged power between a SiO, sphere and a SiO, cylinder at @ = 0.919 x 10" rad.s™’,
(b) relative errors. The sphere radius is 0.8 um, the cylinder radius and thickness are 10 pm, the surface-surface distance between two objects is d = 0.1 wm. Black curve:
analytical results, blue curve: SCUFF-EM results. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

tional to (Axpiy/d)%. The minimal mesh size of the cylinder mesh
should be smaller than the separating distance in order to obtain
an accuracy better than 1%.

Summing up the results, a 1% accuracy requires an optimal
cylinder size of 10pum for a separating distance of 0.1pm and an
optimal mesh of the cylinder containing 1615 nodes and 4836
edges. The top surface mesh is refined at the center with the mesh
size varying from 0.1pm to 1um. We note that the mesh of the
top surface satisfies the convergence criterion in the far-field com-
putation presented in Section 2.1. The computational time for each
frequency is about 5h40.

The previous study points to the difficulties of numerical com-
putation for very large or very small separating distances. Indeed,
computation for very large separating distances requires a huge
cylinder to obtain good convergence, which takes a long computa-
tional time. On the other hand, for a very small distance, the mesh
is required to be very much refined and the mesh element size be-
comes too small compared to wavelength, which induces not only
a long computational time but also numerical cancellation errors
as explained in Section 2.1.

We have seen in Section2 that the numerical computations
close to the resonances of the dielectric function can lead to
lower accuracies in the far field. In order to analyse the full spec-
trum, Fig.8a represents the transferred spectral flux obtained by

the Boundary Element Method (blue curve), the semi-analytical
method taken as reference|[14] (black curve) and by the T-DDA
method [18] (red curve). The relative errors are represented in
Fig.8b. A reasonable agreement between numerical and analyti-
cal results can be observed with a relative error up to 30% for
Boundary Element Method results. Following Fig.8b, the SCUFF-
EM results are better than those of T-DDA in the low-frequency
range and also around the two resonances of SiO, permittivity
(w=10" rad.s~! and w =~2.2 x 10 rad.s~!). However, the compu-
tation times of the two numerical techniques are not identical, so
it is not possible to establish which one is the best.

3.3. Effect of the separating distance on the total transferred flux

We now study the influence of the separating distance on the
total exchanged power between a sphere and a planar substrate.
Table 3 shows the optimal cylinder size and the optimal element
size of the cylinder mesh to obtain an error lower than 1% for
each distance. We note that the 1% accuracy can be achieved only
when the distance is larger than d =5 nm as the numerical er-
rors obtained for very small mesh/wavelength ratios (smaller than
2nm) mentioned in Section 2.1 take place at the lower frequency.
Fig.9a and b represent respectively the spectral and the total trans-
ferred flux for different separating distances. The evolution of the
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between a SiO, sphere and a SiO, cylinder for different distances between both objects. The sphere radius is 0.8 pm.

Table 3
Optimal cylinder size and element size of the cylinder mesh for each sepa-
rating distance in Fig.9.

d(um) 0005 001 005 01 015 05 1
Re=He (um) 08 1 5 10 10 60 100
AXenin (1) 0005 001 005 01 0125 0125 0125

spectrum as the tip-sample distance decreases is well reproduced.
We confirm that the total exchanged power is proportional to 1/d
for very small separating distance (near field). This behavior is no
longer correct for larger distances (see e.g.Ref.[24]).

4. Numerical modeling of tip-substrate heat transfer

The objective of this section consists in computing radiative
heat transfer between a tip and a sample in scanning thermal mi-
croscopy [3]. The probe tip of the microscope is heated and then
placed near the cold substrate surface. Fig. 10 shows three probe
geometries commonly used in experiments. The first one is a con-
ical shape and the second one is a pyramid with a square base,
as for the KNT tip[33,34]. The heights of these tips are smaller
than 5pm and their apexes may be rounded. Fig. 10c shows the
last probe geometry which consists of an etched Wollaston wire
bent in its middle part with a length of 200 um [35]. While the first
two probes could be implemented, the size of the Wollaston probe
makes it difficult to deal with as it needs to meet both near-field

and far-field requirements. Note also that it is made of a metallic
alloy, which requires a fine mesh.

In this section, we consider a test case which consists in com-
puting the heat exchanged between a SiO, rounded conical tip and
a SiO, infinite planar substrate. Note that the KNT probe is made
of SiN and not anymore of SiO,. As SiO, was used in recent ex-
periments, this choice will help comparing the results with actual
experiments. As in Section3, the substrate is approximated by a
cylinder. An example of the tip and cylinder meshes are repre-
sented by Fig.11. The cylinder mesh is the same as the one pre-
sented in the previous section. The cylinder and tip meshes are lo-
cally refined in the region where tip-sample separation is smallest,
to ensure the accuracy of numerical results. First, numerical con-
vergence will be studied as a function of different cylinder sizes
and the size of the smallest cylinder mesh element in order to de-
termine the optimal configuration of the cylinder. The objective is
to find a solution which requires a reasonable computational time
and provides accurate numerical results for a given separating dis-
tance. The exchanged spectral flux is then computed for different
distances and the dependence of the total flux on the distance in
the near field is highlighted.

In the considered case, the tip apex is a spherical cap. The tip
aperture angle is 60° and the height of the tip is chosen arbitrar-
ily to be 1.3um. The cylinder radius is supposed to be equal to
its thickness. Temperatures of the tip and cylinder are respectively
425K and 310K.
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Fig. 10. Three geometries of probe tip with and without rounded apexes. (a) Cone with disk base, (b) with square or rectangular base. (c) Heating part of the “Wollaston

wire” probe.

Fig. 11. An example of meshes of the cylinder and rounded conical tip and its zoom.

Table 4

Mesh information and computational time at @ = 0.919 x 10" rad.s~! for each cylinder size for

Fig. 12.
Re = He (pm) 100 80 60 40 20 10 5 2
Nodes 2819 2700 2542 2303 1957 1615 1265 867
Edges 8448 8091 7617 6900 5862 4836 3786 2592
Computational time 17h48 15h57 13h58 11h18 7h47 5h11 3h8 1h37

4.1. Numerical requirements Table 5

The spherical cap has a radius of curvature of 225 nm. Conver-
gence of numerical results is studied at the frequency w = 0.919 x
10 rad.s~!. The minimal distance between the surfaces of the two
objects is 0.1 um. The mesh size of the tip is about 0.047 pym at
the apex and 0.17pm at the base. The tip mesh consists of 703
nodes and 2094 edges. We select a mesh size of the tip apex small
enough compared to the separating distance to avoid numerical er-
rors.

First, the finite size effect of the cylinder on the numerical re-
sults is investigated. The cylinder size decreases from 100 um to
2um. The minimal and maximal mesh sizes of the cylinder tip sur-
face are set to be 0.1 um and R./10 respectively. The mesh size of
the bottom surface is chosen to be R./2. Table 4 gives the node and
edge numbers of the cylinder mesh and the computational time at
a given frequency for each cylinder size. Fig. 12a shows the trans-
fered spectral flux computed by SCUFF-EM as a function of cylinder
size. The numerical results converge as the cylinder size increases.
Fig. 12b represents the relative errors. As no semi-analytical results
are known in this case, the numerical result for the largest cylinder
R =100 pm is considered as a reference to quantify the numeri-
cal errors. This figure shows that the relative error is proportional
to R-16 in this case and the cylinder size should be at least 10ppm
to get less than 1% error.

Mesh information and computational time at @ = 0.919 x 10™ rad.s~' for each
cylinder size for Fig.13.

AXpin (HM) 0.01 0.025 0.05 0.1 0.2 0.4
Nodes 2821 2303 1957 1615 1265 951
Edges 8454 6900 5862 4836 3786 2844
Computational time 17h37 11h8 7h56  5h10 3h7 1h52

The effect of refining the cylinder mesh on the numerical con-
vergence is now considered. Following the previous study, the op-
timal cylinder size is set to be 10um. Different minimal mesh
sizes Axp;, of the cylinder top surface are studied, from 0.01 pm
to 0.4pm. The information related to the cylinder mesh and the
computational times at a given frequency are shown in Table 5 for
each Axp;,. Fig. 13a represents the numerical results of the trans-
ferred spectral flux. Convergence is obtained by refining the mesh.
Fig.13b shows the relative error with the reference result cho-
sen as the numerical result obtained for the most refined mesh
(AXpin = 0.01 wm). The relative error is found to be proportional
to (AXpi,/d)>°. The minimal mesh size for the cylinder should be
smaller than the separating distance in order to obtain less than
1% error. In the following, we will choose Ax,;, = d.
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Fig. 13. Effect of the mesh size at both the substrate and the tip apex surfaces. (a) Exchanged spectral power between a SiO, rounded conical tip and a SiO, cylinder at
® =0.919 x 10 rad.s~', (b) relative error compared to the case where AXp;, = 0.01 wm. The minimal surface-surface distance between the two objects is d = 0.1 wm.

Table 6
Optimal cylinder size and element size of the cylin-
der mesh for each separating distance in Fig. 14.

d(um) 0.004 0.02 0.1
Rc =H, (um) 0.8 3 10
AXpin (M) 0.004 0.02 0.1

4.2. Tip-sample radiative heat transfer for large radii of curvature

The same cone is considered in this case. While the 225 nm ra-
dius of its spherical cap can appear as large compared to other
AFM probes which have radii of curvature as small as few nanome-
ters, it ensures that no discretization errors are introduced. In addi-
tion, tip apexes of large curvature radii are usually used in experi-
ments aiming at measuring near-field thermal radiation with scan-
ning thermal microscopy[7,36], which are larger than those used
in sharp AFM experiments.

4.2.1. Power exchange

As the cone-surface thermal power exchange diverges when the
cone height increases, we set the cone height at h = 1.3 wm. The
near-field behavior of the tip-surface thermal transfer is analyzed
by studying the influence of the separating distance on the trans-
ferred heat. As an example, Table6 shows the optimal cylinder

size and the optimal size of the cylinder mesh for three distances
d =0.004 wm, 0.02pm and 0.1 pm in order to obtain relative er-
rors lower than 1%. Fig.14a and b represent the spectral and the
total exchanged power of the sphere-surface (dashed curves) and
the cone-surface (continuous curves) configurations for these sep-
arating distances. The sphere and the tip radii are the same. These
figures show that for small gaps, the spectral and total heat trans-
fer for the tip-substrate geometry become very close to the values
of the sphere-substrate geometry. We find numerically that the to-
tal exchanged power is proportional to d=%9, close to the near-field
behavior of the sphere-substrate thermal transfer found previously
(o« d=1). It is interesting to observe that such tip would lead to a
power transferred on the order of 145 nW at 4 nm, i.e. a thermal
conductance of 1.26 x 10~ W.K~!, which is about 10 times lower
than that shown by Rousseau etal.[5] for the same material but
not the same distance nor the same radius, 1.8 times larger than[7]
for the same tip-sample distance but for a SiO, tip and a Si sample,
and about the same order as that reported by Ref.[8] but neither
for the same material nor the same tip apex radius. In compari-
son to the heat transferred through air[37], these values stay much
lower. If only the rounded part of the tip is considered, a ther-
mal conductance through air of approximately 1.5 x 10~8 W.K~1
can be estimated. However, the tip head and the cantilever are also
known to contribute to the heat transfer[33,38] and the real con-
ductance measured in experiments is larger.
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Fig. 14. (a) Spectral and (b) total exchanged power between a SiO, rounded conical tip (continuous curves) or a SiO, sphere (dashed curves) and a SiO, cylinder for different
distances between two objects. Black, red and blue colors correspond to d = 0.004, 0.02, 0.1 pm respectively. Dashed and continuous black curves appear superimposed.
The tip height is 1.3 pm, the tip aperture angle is 60° and the radii of the tip apex and of the sphere are 0.225um. The inset represents the relative difference between the
total tip-sample and sphere-sample exchanged powers. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

4.2.2. Spatial resolution

Fig.15a and b show the spatial distribution of the temperature-
independent transferred flux on the surface of each object com-
puted at w =0.919 x 10" rad.s~! for a tip-sample distance of 4
nm. We remind that the frequency selected is that of the first res-
onance. Fig.15c represents the normalized spatial distribution of
the radiative heat flux on the surfaces at four frequencies close to
the first and third resonances. Fig. 15d shows the cumulative power
curves (P(wg) = f;jgo q(w)dw where q is the spectral power) for
different separating distances d. Two large increases of the cumu-
lative power at the vicinity of the first and third resonances show
that these two resonances give the largest contributions to the
spectral exchanged power. Therefore, the study of the exchanged
power should be carried out for the whole spectrum instead of
only first resonant frequency. However, the normalized spatial dis-
tributions at four frequencies close to these two resonances have
similar profiles which is very much concentrated at the tip apex
and at the center of the cylinder top surface. As a result, all the in-
vestigations at the first resonant frequency can provide the global
point of view for the whole frequency spectrum.

We can define the spatial resolution of the near-field radiative
heat transfer as the full width at half maximum (FWHM) of the
profile of the heat flux absorbed by the sample. With this criterion
we find values of 51 nm, 131 nm and 342 nm respectively for dis-
tances 4, 20 and 100 nm (see Fig. 16). The spatial resolution seems
to scale proportionally to d'/2. We verified that for dielectrics in
close proximity, the tip spherical cap-sample interaction can be as-
similated locally to horizontal parallel elements as in the Proximity
Flux Approximation (also called often the Derjaguin approximation
by analogy with the works performed for the Casimir force)[24].
In this case, the power exchanged can be computed by integrating
around the tip spherical cap:

R

C
pP= A mandr (4)

where C/d? is the asymptotic expression of the exchanged power
between two parallel flat surfaces, and z is the difference of height
between an elementary surface of the sphere and the plane paral-
lel to the sample surface at the tip extremity. Note that Eq. (4) is
valid provided that d + z is approximately lower than 170 nm for
SiO, (see Ref.[39]). There is a deviation to this asymptotic expres-
sion for larger distances. Rousseau etal. proposed an expression for
C in Ref.[40].

Eq. (4) shows that the shape of the flux received by the sample
will be close to a lorentzian, but not exactly (see also Fig.15c). In
fact, the d'/2 behavior observed numerically can be derived from
such an expression. One finds that the full width at half maximum
writes

o =2v2(v2 - 1)Rd ~ 1.82/Rd, (5)

where R is the radius of curvature. This observation confirms that
the tip-sample exchange is really local when the bodies are in
proximity. However, for d = 100nm, part of the spherical cap of
the tip lies outside of the regime of validity of Eq. (4). This explains
the deviation (30%) between the spatial resolution estimated from
Eq. (5) and the one observed numerically. Another limitation to Eq.
(5) may enter into play: the shape of the tip becomes conical at
some distance from the apex, deviating from the spherical shape.
Assuming no sharp angle at the connection between the conical
part and the spheroidal one (i.e. the sphere is cut at some angle o
from the horizontal direction), we can show that this sets a limit to
Eq. (5) for dy = Rcos(a)/[2(v/2 —1)]. In the computations, an an-
gle of 30° between the vertical direction and the tip side has been
considered, so that dy~0.9R. As our radius of curvature is large,
this criterion is not relevant. However, it can become significant
for smaller radii. Note also that this derivation is only valid for di-
electrics, and that the behavior may be very different for metals
where a leveling-off is predicted[6,31]. While the radius and tip
material are different to those of [41], the results can be compared
to the values found in the experiments by scanning surface steps.
The experimental resolution of[41], achieved with a sharper tip,
appears smaller than the one highlighted here: reducing the radius
of curvature decreases the spatial resolution.

4.3. Tip-sample radiative heat transfer for small radii of curvature

The influence of the separating distance on the transferred heat
is now studied for a cone of smaller curvature radius. This study
allows clarifying the effect of small radii of the tip apex on the
exchanged power compared to the large radii. The curvature ra-
dius of the tip apex under consideration here is 50 nm. The conical
tip height is the same as the one considered in the previous sec-
tion (h = 1.3 wm). The cylinder sizes and the cylinder mesh sizes
for three distances d = 0.004 pwm, 0.01 um, 0.02um are shown in
Table7.

The spectral exchanged power for this cone-surface configu-
ration is represented in Fig.17a for these separating distances.
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Table 7
Cylinder size and element size of the cylinder mesh
for each separating distance in Fig. 17.

d(pm) 0.004 0.01 0.02
Re = He (um) 08 15 3
AXpmin (M) 0.004 0.01 0.01

Fig. 17b compares the numerical results (blue curves) of the total
exchanged power for the rounded cone with some analytical re-
sults for different shapes. The cyan and red curves correspond re-
spectively to the contributions of the pure conical and the spheri-
cal parts of the tip. The black curve corresponds to the result ob-
tained for the whole rounded conical tip while the green curve
provides the data associated to a perfect cone of identical height
and aperture angle. Fig. 18 summarizes the various shapes of the
tips and the analytical formulae obtained within the frame of the
PFA following Eq. (4).

In the extreme near-field, when the separating distance is very
small compared to the curvature radius of the tip, the total ex-
changed power of the spherical part of the cone, which is propor-
tional to d~!, becomes dominant. For a perfect cone, the half aper-
ture angle of the tip o impacts the power exchanged through a
factor (%)2 = tan? « and the dependence of the power on the dis-
tance is logarithmic (see Fig.18). One should remember than the
PFA is valid in principle only for regions of the tip at distances
smaller than 200nm of the sample, so the contribution of the
conical part might be slightly different than that given by Fig. 18.
As a result, the behavior of the exchanged power should be softer
than d-!. The exponent of the power law d~" found for the nu-
merical data is n = 0.78. It can be conjectured that this exponent
depends on both the radius of curvature of the tip and the aper-
ture angle of the cone. Comparing the PFA and the numerical data,
we find a reduction by a factor two for the computation. It could
be estimated that the PFA of Eq. (4) provides a lower bound to the
power exchanged, as shown e.g. by [14], but it is not the case here.
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This underlines that the PFA might not be as accurate for sharp ob-
jects than for gently-curved ones.

Finally, we observe that the power exchanged for the small ra-
dius of curvature of 50nm (3.72 x 10~8 W) is smaller by a factor 4
than the one exchanged for the large radius of curvature of 225 nm
(1.46 x 107 W) at a distance 4nm, and by a factor ~3 at 20 nm.
This confirms that near-field thermal radiation experiments in the
near-contact are easier with large radii of curvature and that the
impact of the curvature radius decreases at larger distances.

5. Conclusion

In this work, we have introduced a step-by-step approach to
compute near-field radiative heat transfer for simplified and real-
istic scanning thermal microscopy geometries. In a first step, we
have approximated the probe tip by a sphere. In a second step,
we have used a conical shape rounded at its apex. For each sep-
arating distance between the tip and the substrate and all objects
sizes, the numerical convergence has been investigated to provide
the criteria required to reach a given accuracy. The dependence of
heat transfer on the separating distance has also been analyzed for
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a dielectric material. While the total near-field exchanged heat is
proportional to d-! for the sphere-plane geometry, we find close
behaviors for rounded cone-plane configuration with large curva-
ture radius of the cone apex. For smaller curvature radii of the
cone apex, the behavior of the exchanged power is softer and can
be written as d~" with n < 1. Our data allow to compare the radia-
tive heat flux and the flux exchanged through air, and to determine
the spread of the radiative flux, i.e. its spatial resolution which can
scale as v/d.

Future work could include additional aspects related to the
geometry of experiments. For instance, surface roughness of the
probe tip and substrate can also be taken into account (see
e.g. Supplementary information of [7]). More importantly, the can-
tilevers of some of the probes could influence the radiative heat
exchange. From the numerical point of view, each geometry and
material presents its own advantages and difficulties. As an exam-
ple, the KNT tip [33,34] is made of silicon nitride and the dielec-
tric function of the SiN tip is not well known as experimental data
are scarce in literature. Doped Si was also implemented in resistive
probes[42] and its permittivity depends on the doping levels. An
advantage of conical and pyramidal tips is that their heights are
fixed and smaller than 5pm, which does not require much com-
putational memory. However, the curved zone of their rounded
shapes is difficult to define. One advantage of the Wollaston tip is
that it is made of a homogeneous material, a situation easily han-
dled by SCUFF-EM. However, its large aspect ratio makes it difficult
to simulate totally: its length is about 200 pum with a cross-section
radius of 2.5 pm. In addition, the permittivity may require to be de-
termined. Contrarily to the conical and pyramidal tips, the Wollas-
ton probe is metallic and requires a very fine mesh to ensure accu-
rate numerical results. This leads to large computational time and
resources, close to or beyond the limits available currently. More-
over, it is known that the Wollaston probe is not isothermal, con-
trarily to the tips considered in this study. The simulations con-
sidered here should therefore be extended for anisothermal ob-
jects. This is feasible if the temperature distribution on the sur-
faces of the objects is known, as it is usually the case. Indeed, the
transmittivity between pairs of discretized elements is computed
within the SCUFF-EM code. Finally, let us mention that it is now
time to apply these results to compute the tip-sample near-field
heat transfer with nanostructured samples, which should bring a
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Fig. 17. (a) Spectral and (b) total exchanged power between a SiO, rounded conical tip and a SiO, cylinder for different distances between two objects. Black, red and blue
colors correspond to d = 0.004, 0.01, 0.02 pm respectively. The tip height is 1.3 pm, the tip aperture angle is 60° and the radii of the tip apex and of the sphere are 50 nm.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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breadth of novel interesting results as it has done in fields such as
near-field plasmonics [43].
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