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In this document we provide supplementary 

information on various subjects related to the main 

paper. 

 

Section 1: Fabrication process flow 

 

The process flow is briefly detailed in the main paper. 

Suppl. Fig. 1 summarizes the main steps of the 

process. 

 

 

Suppl. Fig. 1 Process flow used to fabricate the 

phononic thin-film silicon membranes  
 

 

Section 2: Characterization of the phononic holes 

 

The geometrical dimensions of the membranes were 

investigated by means of scanning electron 

microscopy (SEM, see Fig. 1), scanning transmission 

electron microscopy (TEM, see also Fig. 1), and 

atomic force microscopy (AFM). The radii of the 

holes were determined both from SEM (including the 

white shells seen in the SEM top view of Fig. 1) and 

AFM. 

     (a) 

 
       (b) 

 
Suppl. Fig. 2. Example of results from atomic force 

microscopy scans with sharp tip on the phononic 

crystals. (a) Full scan, (b) cross section. Dashed lines 

are guide to the eye. 
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Final results of the geometrical studies are summarized 

in Suppl. Tab. 1. The uncertainty on the radius is close 

to 1 nm (found from the standard deviation in the SEM 

images over a large hole number), but there is some 

stronger uncertainy on the depth and exact shape of the 

holes. TEM cross section suggests that the holes could 

be spheriodal-like or paraboloids. Accounting for 

fabrication constrains, paraboloids are most likely. 

Note that the shape of the AFM cross section is 

difficult to analyze as the effect of convolution of the 

tip shape with the surface profile is not easy to 

eliminate in the tiny holes. However, such analysis 

provides a minimum depth for the holes. 

The hole depth seems correlated with the radius, as 

small radii lead to smaller depths. The TEM depths are 

also minimal values as there is no guarantee that the 

cross sections were taken along the radii of the holes. 

 

 

 
 

Suppl. Tab. 1. Summary of the hole geometrical 

parameters. The depth of the 80 nm pitch was not 

investigated by TEM. 

 

Section 3: Scanning membranes with STh 

 

 

Suppl. Fig. 3. View from top of a SThM Wollaston 

microprobe scanning the surface of a suspended 

membrane. 

 

Suppl. Fig. 3 provides an example of a SThM probe in 

contact with a suspended membrane. Here the membrane 

is a bit different from that of the core paper, as lateral 

supporting arms are present. The membranes leading to 

the temperature profiles of Fig. 2 have the same shape as 

that shown in Fig. 1 of Ref. [1]. However this image 

provides an idea of the sizes involved in the experiment. 

Note also that the tip filament was parallel to the 

membrane in the experiment reported in the core paper, 

in contrast to the case of Suppl. Fig. 3 (see Ref.[1] for an 

example of filament aligned with the membrane). 

 

Section 4: Details on the Monte Carlo estimates of 

the mean free paths. 

 

As shown in the Suppl. Video (see partial screenshot 

below), the trajectories of the phonons are followed 

in the phononic crystals. Both collisions with the 

membranes top/bottom sides and pores are treated 

diffusely in the main paper, in contrast to one of the 

videos. Phonon-phonon interactions are considered 

as extinctions of the phonon trajectories, so they do 

not appear in these videos.  

 

Suppl. Fig. 4. Partial screenshot of the Suppl. Video 

showing a phonon path projected onto the 

membrane plane (left) and on a cross section along 

the flux direction (right). 

 

While the shapes of the holes change slightly for the 

different pitches (100 nm, 80 nm and 60 nm), the 

holes simulated were considered identical, with a 

radius 𝑅 = 20 nm and a depth ℎ = 40 nm in all the 

simulated data of the main paper. 

 

In Suppl. Fig. 5, we provide the position and angle-

dependent free path distributions for perforating 

cylindrical holes in a similar fashion as for Fig. 5 of 

the main paper. It is seen that free paths behind the 

holes become negative (Suppl. Fig. 5a), which is in 

agreement with the inset of Fig. 4 of the main paper, 

where it is seen that such holes strongly backscatter 

phonons. The effect is milder for the paraboloidal 

holes. Due to the large radii of the holes, only limited 

solid angle is available for the passage of the 

phonons, as shown in Suppl. Fig. 5b.  
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Suppl. Fig. 5. Phonon free paths as a function of 

initial position and direction in the case of 

perforating cylindrical holes with mean free path 

200 nm and R = 20 nm (a) Average distance 

traveled in the flux direction as a function of initial 

angle. The circle underlines the position of the 

hole. (b) Average distance traveled as a function 

of initial position. 

 

Finally, we underline the z-dependent free path 

distribution in Suppl. Fig. 6, which shows results for 

the same membrane as that discussed in Fig. 5 of the 

main paper. It is seen that phonons can travel further 

in absence of hole, for negative z values. For a 

perforating membrane, the distribution would be 

symmetric. 

 

 

 

 

 

 

Suppl. Fig. 6. Phonon free paths as a function of 

initial position in the case of paraboloidal holes 

with mean free path 200 nm and (R = 20 nm, h = 

40 nm). 

 

Section 5: Details on the mean free path 

distributions. 

 

The exact mean free path distribution of silicon is not 

known, so we tested various ones. Two strategies 

were applied:  

 

(i) Relaxation times were obtained from different 

works, as for instance ab initio ones (WB) [2], 

molecular dynamics ones (G) [3], or analytical ones 

(used in Monte Carlo resolution of the Boltzmann 

Transport Equation, WR) [4]. They were used in 

conjunction with an isotropic dispersion of silicon 

taken by fitting the [1 0 0] direction with a parabolic 

expression that does not present maxima inside the 

Brillouin zone [5]. Since the product  

∫ 1 /3 𝑐𝑝(𝜔)𝑣𝑔(𝜔)2𝜏(𝜔)𝑑𝜔  does not provide 

exactly 148 W.m-1.K-1 in this case (the atomic 

dispersion taken is not necessarily suitable for these 

relaxation times), the relaxation times were scaled 

homogenously to provide the right thermal 

conductivity at 300 K.  

 

(ii) The mean free path distribution determined from 

experimental investigations in [6] was directly used in 

Eq. (3) of the main paper (Z). 

 

The distributions are compared in Suppl. Fig. 6. It is 

seen that some of them consider mean free paths larger 

than 10 µm while other do not. This is therefore still a 

matter of debate. 

 



 

 

 
 

Suppl. Fig. 7. Accumulated bulk thermal 

conductivity of silicon as a function of mean free 

path, for various mean free path distributions. See 

text for legend. The abbreviations refer to the 

intials of the authors of the references cited in the 

main paper, except WR where the first initial refers 

to the first author of the reference [4] and the 

second to the first author of another reference 

mentioned in [4] where some of their data were 

obtained. 

 

While the distributions differ quite heavily we find in 

Fig. 6 of the main paper that their impacts on the 

effective thermal conductivities of the phononic crystal 

membranes are similar. The levels of thermal 

conductivities are however a bit different. 

 

Section 6: Effective medium approximations 

 

There are various models that have been proposed for 

effective medium approximations (EMA), depending 

on the porosity, the randomness or not of the 

inclusions, and their shapes. Here we tested three 

models [7–9], which write as follows in the case of 

in-plane transport in membranes: 

 

Eucken:     𝜆 = 𝜆ℎ𝑜𝑠𝑡(1 − 𝑃)(1 + 𝑃/2) 

Maxwell-Garnett:  𝜆 = 𝜆ℎ𝑜𝑠𝑡(1 − 𝑃)(1 + 𝑃) 

Russel:   𝜆 = 𝜆ℎ𝑜𝑠𝑡(1 − 𝑃2/3)(1 + 𝑃 − 𝑃2/3), 

 

where 𝑃 is the porosity. 

Here we have taken the host thermal conductivity as 

reduced in comparison with the bulk, following the 

approach in [10] where the effective thermal 

conductivity in a nanomaterial is a Matthiessen rule 

involving the average mean free path and a factor 

close to the volume/surface ratio 4𝑉/𝑆 . It is 

noticeable that the thermal conductivity of the 

pristine membrane is very close to the actual 

measurement (see Fig. 6 of the main paper). 
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